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Positive Isometric Averaging Operators1
on ℓ2(Z, µ)2
Santiago Boza and Javier Soria3
Abstract. We show that positive isometric averaging operators on the4
sequence space ℓ2(Z, µ) are determined by very subtle arithmetic condi-5
tions on µ (even for very simple examples), contrary to what happens in6
the continuous case L2(R+), where any possible average value is realized7
by a suitable positive isometry.8
Mathematics Subject Classification. Primary 46E30; Secondary 46B04.9
Keywords. Isometries, Averaging operators.10
1. Introduction11
Isometric properties for averaging operators have been considered in different12
settings. For example, it is well known that the averaging Hardy operator13
Sf(x) =
1
x
∫ x
0
f(t) dt14
satisfies that [4]15
‖(S − I)f‖L2 = ‖f‖L2 , f ∈ L2(R+). (1)16
Weighted versions of (1) on L2(w) can be found in [6]. With more generality,17
the study of necessary and sufficient conditions for an operator T to be an18
isometry on L2(R) have been obtained in [1], and a characterization was19
given in terms of the restriction of T to characteristic functions of intervals.20
These results were further extended in [3] to integral operators T defined on21
L2(X), for a general measure space X, where the isometric condition on T22
was characterized just by looking at the restriction of T to a certain class of23
monotone functions. Other estimates for T = S − I on Lp(w), on monotone24
functions, were studied in [2].25
It is also worth noticing that the reason why the estimates are taken26
with respect to the L2-norm is motivated by [7,8], where it is proved that, in27
S. Boza and J. Soria have been partially supported by the Spanish Government Grant
MTM2013-40985-P and the Catalan Autonomous Government Grant 2014SGR289.
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the setting of rearrangement invariant spaces, L2 is the only space for which28
there exist nontrivial isometries.29
In the discrete case of sequence spaces ℓ2(Z), isometric averaging oper-30
ators are not so easily obtained. In particular, for the Cesa`ro operator31
Sd({an}n∈N)(m) = 1
m
m∑
j=1
aj ,32
it can be proved that the corresponding isometric property (1) does not hold.33
Motivated by this fact, we are interested in studying the existence of isome-34
tries T on ℓ2(Z) which, on the one hand, are positive operators and, on the35
other, they are also λ-averaging operators (see Definition 1.3). To this end,36
given a positive operator T on L2(X), we need to define the action of T on37
constant functions:38
Definition 1.1. Let T : L2(X) → L2(X) be a positive linear operator. We39
define40
T (1) = sup
{
Tf : f ∈ L2(X), 0 ≤ f ≤ 1} .41
Remark 1.2. We observe that ifX is a finite measure space, then χX ∈ L2(X)42
and T (1) = T (χX). In general, under no restrictions on either T or X, T (1)43
could be identically equal to infinity.44
One of our main goals in this work is to describe, for a class of discrete45
measures µ on Z (which includes the counting measure), the set of all possible46
averages for positive isometries. We will see that, even in this particular47
setting, these averages are determined by very subtle arithmetic conditions48
(see Theorem 3.1). Analogously, we can also consider the case when µ is a49
measure in N (see Proposition 2.8). In Remark 1.5 we will motivate why we50
are restricting our attention to atomic measures.51
To formulate the problem in a appropriate way and to fix the notation,52
we first give the following definition:53
Definition 1.3. Given a discrete and positive measure µ = {µk}k∈Z on Z, we54
will say that a positive operator T , defined for a given sequence x ∈ ℓ2(Z, µ)55
as56
T (x)(j) =
∑
k∈Z
ajkxkµk, j ∈ Z, (2)57
is a λ-averaging operator, if it satisfies that58
T (1) ≡ λ1. (3)59
We will denote by σ+A(µ,Z) = σ
+
A(µ) the set of all values λ ≥ 0 for60
which there exists a positive isometric operator such that (3) holds.61
Remark 1.4. A straightforward argument shows that (3) is equivalent to the62
condition63 ∑
k∈Z
ajk µk = λ, for all j ∈ Z, (4)64
which implies that the sequence {ajk}k∈Z is in ℓ1(Z, µ), for any j ∈ Z.65
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Clearly, the identity is a trivial example of an operator satisfying Defi-66
nition 1.3, with λ = 1, and hence for all measures µ on Z, 1 ∈ σ+A(µ).67
Observe also that λ = 0 would imply that T ≡ 0. Therefore, σ+A(µ) ⊂68
(0,∞). It also easily seen that σ+A(µ) is closed under multiplication (just by69
looking at the composition of the corresponding operators).70
Without loss of generality, we are going to assume that µ is an infinite71
measure not vanishing at any k ∈ Z. In fact, if µ is finite and T is a positive72
isometry with T (1) ≡ λ1, then73
λ
(∑
k∈Z
µk
)1/2
= ‖T (1)‖ℓ2(Z,µ) = ‖χZ‖ℓ2(Z,µ) =
(∑
k∈Z
µk
)1/2
,74
which implies that λ = 1 and σ+A(µ) = {1}. For this reason, from now on we75
will work with a measure µ = {µk}k∈Z, with 0 < µk < ∞ (we can identify76
the support of µ with Z) and
∑
k∈Z µk =∞.77
Remark 1.5. We observe that the existence of λ-averaging positive isometric78
operators in R+ is trivial, since for any λ > 0, the dilation operator Tλf(x) =79
λf(λ2x) satisfies all these properties: Tλ is a positive isometry in L
2(R+) and80
Tλ(1) ≡ λ1, since if fN (x) = χ(0,N)(x), then81
Tλ(fN )(x) = λχ(0,N)(λ
2x) = λχ(0,N/λ2)(x)→ λχR+(x), as N →∞.82
Hence, λχR+ = supN TλfN ≤ Tλ(1) ≤ λχR+ .83
We see that this argument fails for Z, since nontrivial dilations are never84
isometries on ℓ2(Z).85
In Sect. 2, we will prove some results about the possible values of the set86
σ+A(µ), when µ = {µk}k∈Z is a general discrete positive measure. In particular,87
Theorem 2.2 is the main tool to translate the problem from an algebraic or88
matricial formulation into a geometrical property regarding some suitable89
partitions of the integers. Proposition 2.8 shows that we can transfer, in a90
canonical way, the averaging values from Z to N. In Sect. 3 we prove our main91
result (Theorem 3.1) which characterizes σ+A(µ) for all possible measures µ92
of the form µk = aχA(k) + bχB(k), a, b > 0, A ∩ B = ∅ and A ∪ B = Z.93
In particular, σ+A(µ) is a countable set contained in (0, 1], which depends on94
arithmetic properties of a/b and the cardinality of A and B.95
In what follows we will use the following notation: for a given subset A96
of the integers, |A| will denote the cardinality of A, and if µ = {µk}k∈Z is a97
measure defined on Z, µ(A) =
∑
k∈A µk.98
2. Results on General Measures on Z99
We start by recalling the following result concerning isometries in an arbitrary100
real Hilbert space H, see [5].101
Lemma 2.1. Let H be a real Hilbert space, let T : H −→ H, and let T ∗ denote102
its adjoint operator. Then T is an isometry, i.e., ‖Tx‖ = ‖x‖ for any x ∈ H,103
if and only if T ∗T = I.104
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We are now going to apply this result to the discrete case ℓ2(Z, µ), to105
obtain the main characterization needed in Sect. 3 to completely describe106
σ+A(µ):107
Theorem 2.2. A necessary and sufficient condition to find a positive and108
isometric λ-averaging operator T on ℓ2(Z, µ) is the existence of a partition109
{Ij}j∈Z, of the set of integers Z, for which110
µ(Ij)
µj
=
1
λ2
, for all j ∈ Z. (5)111
Proof. Let T be a positive and isometric λ-averaging operator given as in112
(2). Then,113
T ∗(x)(j) =
∑
k∈Z
akjxkµk, x ∈ ℓ2(Z, µ).114
As an application of Lemma 2.1, since T is an isometry then, for every j ∈ Z,115 ∑
l∈Z
a2lj µl =
1
µj
, (6)116
and for j = k,117 ∑
l∈Z
alj alk µl = 0. (7)118
Condition (7) implies that, for all j ∈ Z, there exists a unique kj such119
that ajkj > 0 which, in combination with condition (4), shows that ajkj =120
λ/µkj . Thus, the matrix satisfies that on each row j, just one element is121
different from zero, and on each column k, all the nonzero elements take the122
same value.123
Thus, if we define Ij = {l ∈ Z, alj = 0}, then it is easy to see that124
{Ij}j∈Z is a partition of the integers. Finally, condition (6) combined with125
the equality alj = λ/µj , if l ∈ Ij , gives us that for a fixed j ∈ Z,126
1
µj
=
∑
l∈Ij
a2lj µl =
∑
l∈Ij
λ2
µ2j
µl =
λ2
µ2j
∑
l∈Ij
µl,127
which is (5).128
Conversely, given a partition {Ij}j∈Z and λ > 0 satisfying (5), we define129
ajk =
{
λ/µk, if j ∈ Ik,
0, otherwise.
(8)130
Finally, if we define T as in (2), T is a positive and isometric λ-averaging131
operator; i.e., T satisfies (4), (6), and (7). 132
Remark 2.3. It is important to observe that the same partition of Z, as a133
subset of P(Z), may, or may not, satisfy condition (5), depending on the134
numeration chosen. For example, if we take135
Ik =
⎧⎪⎨⎪⎩
{0, 1}, k = 0
{k + 1}, k > 0
{k}, k < 0,
136
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then, there is no measure µ and no λ > 0 for which (5) holds since, otherwise,137
for k = 0138
µ(I0)
µ0
=
µ0 + µ1
µ0
= 1 +
µ1
µ0
=
1
λ2
,139
and, for k < 0,140
µ(Ik)
µk
=
µk
µk
= 1.141
Hence, λ = 1 and µ1 = 0, which is a contradiction with the fact that µk > 0,142
for all k ∈ Z.143
On the other hand, if we consider the same partition but numbered as144
follows145
Ik =
⎧⎪⎨⎪⎩
{0, 1}, k = 0
{−k}, k > 0
{−k + 1}, k < 0,
146
we can arbitrary take µ0 and µ1, both strictly positive, such that147
µ(I0)
µ0
=
µ0 + µ1
µ0
= 1 +
µ1
µ0
:= α > 1.148
For this α, if we define149
µk =
{
α−2k−1µ1, k ≤ −1
α2k−2µ1, k ≥ 2,
150
then, condition (5) holds, with λ = α−1/2.151
Remark 2.4. An example of the matricial representation of an operator T ,152
as in Theorem 2.2, where the sets Ij are intervals, is the following:153
T ←→
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
· · · ... ... ... · · ·
· · · 0 λ/µk 0 · · ·
· · · ... ... ... · · ·
· · · 0 λ/µk 0 · · ·
· · · λ/µk−1 0 0 · · ·
· · · ... ... ... · · ·
· · · λ/µk−1 0 0 · · ·
· · · 0 0 λ/µk+1 · · ·
· · · ... ... ... · · ·
· · · 0 0 λ/µk+1 · · ·
· · · ... ... ... · · ·
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
154
For non necessarily positive isometries, this matricial representation is155
not longer true. For example, if we consider an isometric averaging convolu-156
tion operator in Z, T (a)(j) = (K ∗a)(j), j ∈ Z, where K ∈ ℓ1(Z), then Parse-157
val’s theorem give us that |K̂(θ)| = 1, θ ∈ T. Since T1(j) = λ = K̂(0) > 0, for158
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every j ∈ Z, then λ = 1 (see also [3] for further information). In particular,159
if we take K̂(θ) = ei|θ|, then it can be easily proved that160
K(j) =
⎧⎨⎩1/2, |j| = 1i
π
1 + (−1)j
1− j2 , |j| = 1,
161
and hence, the matrix of the operator T has coefficients aj,k = K(j − k),162
which do not satisfy condition (8).163
We now show that there are some arithmetic restrictions on the measure164
µ to obtain a nontrivial σ+A(µ), together with some general properties of this165
set.166
Proposition 2.5. If µ = {µk}k∈Z is a measure on Z such that the cardinality of167
the set Aµ = {k ∈ Z : µk ∈ R\Q} is finite and nonempty, then σ+A(µ) = {1}.168
Proof. Due to the compatibility condition (5), we observe that, since there169
is only a finite number of irrational numbers in the sequence {µk}k∈Z, the170
quotients171
µ(Ik)/µk = α172
must be a constant rational number for all k ∈ Z. For simplicity in the173
notation, let us assume that the indices 1 ≤ k ≤ N correspond to the values174
µk which are irrational. Since µ(Ik) is irrational, 1 ≤ k ≤ N , and there are175
only N irrational values for µ then, for each such k, there exists a unique176
σ(k) ∈ {1, . . . , N} such that σ(k) ∈ Ik. Clearly, σ is a permutation of the set177
{1, . . . , N} and178
µ(Ik) = µσ(k) + βk = αµk,179
for some βk ∈ Q, 1 ≤ k ≤ N .180
This system of linear equations can be written as181
(IN +A)
µ = 
β, (9)182
where 
µ = (µ1, . . . , µN )
T , 
β = (−β1, . . . ,−βN )T , IN denotes the identity183
matrix of dimension N and A is an N×N matrix, depending on σ, such that184
AN = (−α)N IN . Hence, it is enough to study whether IN + A is invertible185
to conclude that 
µ and 
β cannot satisfy (9).186
Indeed, due to the properties of A and the Caley–Hamilton theorem,187
the minimal polynomial of IN + A must divide p(x) = (x − 1)N − (−α)N ,188
and hence p is also its characteristic polynomial. From this observation we189
deduce that det(IN +A) = (−1)Np(0) = 1− αN .190
Then, IN + A is invertible if and only if α = 1 and hence, solving 
µ191
from (9), we get that the components of 
µ should be rational numbers, which192
is a contradiction since IN + A is a matrix with rational coefficients, and193
(IN +A)
−1
β is a vector in QN . Thus, necessarily α = 1 and in this case, the194
partition Ik = {k} gives the average value λ = 1. 195
Proposition 2.6. Let µ = {µk}k∈Z be a measure on Z satisfying that inf
k∈Z
µk =196
m > 0. Then, σ+A(µ) ⊂ (0, 1].197
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Proof. Let λ be in σ+A(µ) and let {Ik}k∈Z be as in Theorem 2.2. For any198
ε > 0, let us consider the set199
Aε = {k ∈ Z : m ≤ µk < m+ ε}.200
Condition (5) implies that, for any k ∈ Aε201
1
λ2
=
µ(Ik)
µk
=
µ(Ik ∩Aε) + µ(Ik ∩Acε)
µk
>
m|Ik ∩Aε|+ (m+ ε)|Ik ∩Acε|
m+ ε
202
= |Ik ∩Acε|+
m
m+ ε
|Ik ∩Aε|.203
Since ε > 0 is arbitrary, and the sets (Ik ∩Acε) and (Ik ∩Aε) cannot be both204
simultaneously empty, then we obtain that λ ≤ 1. 205
Remark 2.7. The following counterexample shows that this last statement206
is not true, in general, for discrete measures µ = {µk}k∈Z whose infimum is207
equal to zero. To see this, just consider µ = {λ2k0 }k∈Z, λ0 > 1 and take the208
partition Ik = {k − 1}, k ∈ Z. Then,209
µ(Ik)
µk
=
1
λ20
,210
and hence, 1 < λ0 ∈ σ+A(µ).211
Observe that this example also shows that, in fact, for every λ > 0,212
there exists a measure µ such that λ ∈ σ+A(µ).213
As we have already mentioned in the introduction, we can describe the214
averaging values in N, similarly to the case of the integers, by means of a215
suitable change of indices:216
Proposition 2.8. There exists a bijection ψ between measures in Z and mea-217
sures in N such that, for every µ in Z218
σ+A(µ,Z) = σ
+
A(ψ(µ),N).219
Proof. First we notice that considering the bijection ψ : Z −→ N defined by220
ψ(k) =
{
2k + 1, k ≥ 0
−2k, k ≤ −1,221
and its corresponding inverse φ = ψ−1, we can obtain, from a positive mea-222
sure µ defined on Z, a positive measure ψ(µ) defined on N by means of223
ψ(µ)j = µφ(j), j ∈ N,224
and conversely.225
Similarly, for a given sequence a = {an}n∈Z ∈ ℓ2(Z, µ), we obtain the226
sequence ψ(a) := {aφ(j)}j∈N ∈ ℓ2(N, ψ(µ)) and conversely, we have that227
φ(a) := {aψ(n)}n∈Z, for a ∈ ℓ2(N, ψ(µ)). This is an isometric transformation228
from ℓ2(Z, µ) onto ℓ2(N, ψ(µ)). Indeed,229
∞∑
j=1
a2φ(j)µφ(j) =
∑
k∈Z
a2kµk.230
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By means of this correspondence, given an operator T : ℓ2(Z, µ) −→231
ℓ2(Z, µ) the following operator ψ(T ) on ℓ2(N, ψ(µ)) can be defined232
ψ(T )(a)j := T (φ(a))φ(j), j ∈ N.233
If T is an isometric operator in ℓ2(Z, µ), ψ(T ) is an isometry in ℓ2(N, ψ(µ),234
since235
‖ψ(T )(a)‖2ℓ2(N,ψ(µ)) =
∞∑
j=1
T (φ(a))2φ(j) µφ(j) =
∑
k∈Z
T (φ(a))2k µk236
=
∑
k∈Z
φ(a)2k µk =
∑
k∈Z
a2ψ(k) µk =
∞∑
j=1
a2j ψ(µ)j .237
It is now easy to see that if λ ∈ σ+A(µ,Z), with T its associated pos-238
itive isometry, then λ ∈ σ+A(ψ(µ),N), and ψ(T ) defined in ℓ2(N, ψ(µ)), is239
the corresponding positive isometry. In fact, if T (1) ≡ λ1, then ψ(T )(1) =240
T (φ(1)) = T (1) ≡ λ1. The converse embedding σ+A(ψ(µ),N) ⊂ σ+A(µ,Z) is241
proved similarly. 242
3. Case of µk = aχA(k) + bχB(k)243
In this section we are going to give a complete description of the set σ+A(µ) in244
the case of a positive measure µ defined on Z, taking two possible values. Since245
the compatibility condition (5) is homogeneous, the set σ+A(µ) is invariant246
under dilations on the measure and, therefore, we can assume without loss of247
generality that it has the form µk = rχA(k)+χB(k), where A,B is a partition248
of Z, r > 0, and k ∈ Z. Also, we can assume that B is an infinite set, since249
otherwise it would suffice to consider the measure µk = χA(k) + r
−1χB(k),250
k ∈ Z.251
Observe that Proposition 2.6 implies that, for these measures, σ+A(µ) ⊂252
(0, 1].Moreover, if A is finite, Proposition 2.5 implies that r must be a rational253
number, and we will prove that, in this case, the set σ+A(µ) ⊂ {1/
√
n}n∈N.254
However, we are going to see that, in general, the characterization of σ+A(µ) is255
more involved, and it strongly depends on the arithmetic properties of r > 0256
and |A|.257
The main tool we are going to use is Theorem 2.2. We will reduce the258
condition for λ to be in σ+A(µ) (or, equivalently, the existence of a nonnegative259
isometric operator T for which T (1) = λ) to finding a suitable partition of Z260
satisfying (5).261
Theorem 3.1. Let {µk}k∈Z be a discrete and positive measure on Z defined262
by µk = rχA(k) + χB(k), k ∈ Z, where r > 0 and B is an infinite set.263
(i) If A is finite and r ∈ Q, then σ+A(µ) = {1}.264
(ii) Assume A is finite and r = p/q ∈ Q, with p, q ∈ N and (p, q) = 1.265
• If |A| < q, then σ+A(µ) =
{
1√
jq + 1
}
j∈N∪{0}
.266
267
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• If q ≤ |A| and q | |A|, then268
σ+A(µ) =
{
1√
jq
}
j∈N
∪
{
1√
jq + 1
}
j∈N∪{0}
.269
• If q ≤ |A| and q ∤ |A|, then σ+A(µ) =
{
1√
jq + 1
}
j∈N∪{0}
.270
(iii) Assume A is infinite.271
• If r /∈ Q satisfies that ar2 + br − c = 0, where b ∈ Z, a, c ∈ N and272
(a, b, c) = 1, then273
σ+A(µ) =
{
1√
j(ar + b) +m
}
j∈N,m∈N∪{0}
∪
{
1√
n
}
n∈N
. (10)274
• In any other case we have that σ+A(µ) =
{
1√
n
}
n∈N
.275
Proof. The first part is a direct consequence of Proposition 2.5. To prove276
(ii), we first introduce the following notation: for λ ∈ σ+A(µ), we denote by277
α = 1/λ2. Let {Ik}k∈Z be a partition of Z. Then (5) implies that, for k ∈ A,278
µ(Ik)
µk
=
r|Ik ∩A|+ |Ik ∩B|
r
= α, (11)279
and for k ∈ B,280
µ(Ik)
µk
= r|Ik ∩A|+ |Ik ∩B| = α. (12)281
Since A is finite, there is some k ∈ B such that Ik ∩A = ∅, and (12) implies282
that α = |Ik ∩ B| ∈ N. We now consider two possibilities: If αr ∈ N, then283
q | αp and hence q | α. On the other hand, if αr ∈ N, from (11) we deduce284
that, for all k ∈ A, Ik ∩ A = ∅. Hence, since A is finite, the correspondence285
between k ∈ A and the sets Ik, with k ∈ A, must be a one to one mapping,286
and therefore |Ik ∩ A| = 1 and |Ik ∩B| = |Ik| − 1. Thus, from (11), we have287
that288
r|Ik ∩A|+ |Ik ∩B| = r + |Ik| − 1 = αr ⇒ (α− 1)r ∈ N⇒ q | (α− 1).289
So we have obtained that q | α or q | (α− 1) are necessary conditions if290
λ ∈ σ+A(µ). That is,291
σ+A(µ) ⊂
{
1√
jq
}
j∈N
∪
{
1√
jq + 1
}
j∈N∪{0}
. (13)292
We will now consider each of the three cases of (ii):293
Assume that |A| < q. If q | α, since α = jq, for some j ∈ N, condition294
(11) implies that, for k ∈ A,295
p|Ik ∩A|+ q|Ik ∩B| = jpq.296
Thus, |Ik ∩ A| is a multiple of q, and therefore |Ik ∩ A| = 0, for all k ∈ A,297
since |Ik∩A| ≤ |A| < q. On the other hand, for k ∈ B, condition (12) implies298
p|Ik ∩A|+ q|Ik ∩B| = jq2.299
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As before, this equation leads us to the condition |Ik ∩A| = 0, for all k ∈ B,300
which is a contradiction, since {Ik}k is a partition of Z. Therefore, we have301
proved that q | (α− 1) and302
σ+A(µ) ⊂
{
1√
jq + 1
}
j∈N∪{0}
. (14)303
Conversely, if α = jq + 1, j ∈ N ∪ {0}, let us see that we can find a posi-304
tive isometric λ-averaging operator, which, by Theorem 2.2, is equivalent to305
finding a partition satisfying (5). Indeed, we construct {Ik}k∈Z as follows:306
If k ∈ A, we take Ik = {k} ∪ (Ik ∩B), with |Ik| = pj + 1, and if k ∈ B,307
we take Ik ⊂ B and |Ik| = α. It is clear that such a partition of Z exists,308
since B is infinite. Finally, let us prove that (11) and (12), equivalently (5),309
hold:310
If k ∈ A,311
µ(Ik)
µk
=
r|Ik ∩A|+ |Ik ∩B|
r
= 1 +
qpj
p
= 1 + qj = α,312
and, if k ∈ B,313
µ(Ik)
µk
= r|Ik ∩A|+ |Ik ∩B| = 0 + α,314
which finally shows that315 {
1√
jq + 1
}
j∈N∪{0}
⊂ σ+A(µ). (15)316
Therefore, using (14) and (15) we conclude the result.317
Assume now that q ≤ |A| and q | |A|; that is, |A| = sq, for some s ∈ N.318
Using (13), it suffices to prove that if q | α or q | (α− 1), then we can find a319
partition {Ik}k∈Z satisfying both (11) and (12).320
If q | α, then α = jq, j ∈ N. Now, we set {Ik}k∈Z as follows: Choose321
k1, . . . , ks ∈ A and take |Ikn ∩A| = q, 1 ≤ n ≤ s and |Ikn ∩B| = p(j − 1).322
For k ∈ A\{k1, . . . , ks}, take Ik ⊂ B, with |Ik| = pj. If k ∈ B, take323
Ik ⊂ B, with |Ik| = α. Then, if k ∈ {k1, . . . , ks},324
µ(Ik)
µk
=
r|Ik ∩A|+ |Ik ∩B|
r
= q + q(j − 1) = qj = α.325
If k ∈ A\{k1, . . . , ks}326
µ(Ik)
µk
=
r|Ik ∩A|+ |Ik ∩B|
r
= 0 + qj = α.327
If k ∈ B,328
µ(Ik)
µk
= r|Ik ∩A|+ |Ik ∩B| = 0 + α,329
which finally shows that330 {
1√
jq
}
j∈N
⊂ σ+A(µ). (16)331
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Still assuming that q ≤ |A| and q | |A|, we now consider the case q | (α− 1);332
that is, α = 1 + jq, for some j ∈ N ∪ {0}. If k ∈ A, take |Ik ∩ A| = 1 and333
|Ik ∩B| = pj. For k ∈ B, take Ik ⊂ B, with |Ik| = α. If k ∈ A,334
µ(Ik)
µk
=
r|Ik ∩A|+ |Ik ∩B|
r
= 1 +
qpj
p
= 1 + qj = α,335
and, if k ∈ B,336
µ(Ik)
µk
= r|Ik ∩A|+ |Ik ∩B| = 0 + α,337
which shows338 {
1√
jq + 1
}
j∈N∪{0}
⊂ σ+A(µ). (17)339
Then, using (13), (16), and (17), we have that340
σ+A(µ) =
{
1√
jq
}
j∈N
∪
{
1√
jq + 1
}
j∈N∪{0}
.341
To finish the proof of (ii) we now assume that A is finite, q ≤ |A|, and342
q ∤ |A|. If {Ik}k is a partition associated to α, as in Theorem 2.2, using (11)343
and (12) it is easily seen that q has to divide |Ik ∩ A|, for every k ∈ Z, and344
hence, since |A| = ∑k |Ik ∩ A|, then q should also divide |A|, which is a345
contradiction. Thus, from (13) we get346
σ+A(µ) ⊂
{
1√
jq + 1
}
j∈N∪{0}
. (18)347
Conversely, if α = jq+1, we define the same partition {Ik}k∈Z as in the case348
|A| < q: If k ∈ A, we take Ik = {k} ∪ (Ik ∩ B), with |Ik| = pj + 1, and if349
k ∈ B, we take Ik ⊂ B and |Ik| = α. Then, as before,350 {
1√
jq + 1
}
j∈N∪{0}
⊂ σ+A(µ). (19)351
Thus, from (18) and (19) we conclude352
σ+A(µ) =
{
1√
jq + 1
}
j∈N∪{0}
.353
Finally, we give the proof of (iii) and we now assume that both A and354
B are infinite sets. First, if α ∈ N, we construct the partition in such a way355
that Ik ⊂ A, if k ∈ A and Ik ⊂ B, if k ∈ B, with |Ik| = α, for all k ∈ Z.356
Using (11) and (12), we see that357 {
1/
√
n
}
n∈N
⊂ σ+A(µ). (20)358
To finish, we will prove the following claim:359
σ+A(µ)\
{
1/
√
n
}
n∈N
= ∅ if and only if r is an irrational number which is360
the positive root of a polynomial ax2 + bx − c, where b ∈ Z, a, c ∈ N and361
(a, b, c) = 1.362
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Indeed, if λ ∈ σ+A(µ)\ {1/
√
n}n∈N and α = 1/λ2, equations (11) and363
(12) imply that364
µ(Ik) = rα = rmk + ck, for some mk, ck ∈ N ∪ {0}, k ∈ A, (21)365
µ(Ik) = α = rak + lk, for some ak, lk ∈ N ∪ {0}, k ∈ B. (22)366
Since α ∈ N, then ak, ck = 0 and hence r /∈ Q. In fact, if r = p/q ∈ Q, with367
(p, q) = 1, we would obtain that368
pq(mk − lk) = p2ak − q2ck,369
and hence, p must divide ck, which using (21) would imply that α ∈ N.370
Note also that if we combine (21) and (22), we can prove that ak′r
2 +371
(lk′ − mk)r − ck = 0, for every k ∈ A and k′ ∈ B. Conversely, if r /∈ Q is372
the positive root of the polynomial ax2 + bx− c, with a, c ∈ N and b ∈ Z, we373
pick j ∈ N, write jb = l −m, with l,m ∈ N ∪ {0}, and define the partition374
{Ik}k∈Z as follows375
|Ik ∩A| = m, |Ik ∩B| = jc, if k ∈ A,376
|Ik ∩A| = ja, |Ik ∩B| = l, if k ∈ B.377
With this partition we have378
µ(Ik)
µk
=
⎧⎨⎩
mr + jc
r
, k ∈ A,
jar + l, k ∈ B.
(23)379
The fact that (mr + jc)/r = jar+l shows that (23) satisfies the compatibility380
condition (5), and this proves the claim, since jar + l /∈ N. Moreover, we381
observe that α = jar + jb+m, which gives us that382
σ+A(µ)\
{
1√
n
}
n∈N
=
{
1√
j(ar + b) +m
}
j∈N,m∈N∪{0}
. (24)383
Finally, if r /∈ Q is the positive root of the polynomial ax2+bx−c, with384
a, c ∈ N and b ∈ Z, (20) and (24) prove (10). On the other hand, if r is not385
as above, the claim and (20) show that σ+A(µ) = {1/
√
n}n∈N. 386
Example 3.2. We now apply Theorem 3.1 to find σ+A(µ), for different sets A387
and concrete values of r > 0:388
• If A = {0, 1, 2} and r = √2, then σ+A(µ) = {1}.389
• If A = {0, 1, 2} and r = 1/4, then σ+A(µ) =
{
1/
√
4j + 1
}
j∈N∪{0}
.390
• If A = {0, 1, 2} and r = 1 (that is, µ is the counting measure in Z), then391
σ+A(µ) =
{
1/
√
j
}
j∈N
.392
• If A = {0, 1, 2} and r = 2/3, then393
σ+A(µ) =
{
1/
√
3j
}
j∈N
∪
{
1/
√
3j + 1
}
j∈N∪{0}
.394
• If A = {0, 1, 2} and r = 3/2, then σ+A(µ) =
{
1/
√
2j + 1
}
j∈N∪{0}
.395
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• If A = N and r = (√5−1)/2, which is a root of the polynomial x2+x−1,396
then397
σ+A(µ) =
⎧⎨⎩
√
2√
j
(√
5 + 1
)
+ 2m
⎫⎬⎭
j∈N,m∈N∪{0}
∪
{
1√
j
}
j∈N
.398
• IfA = N and r = (√5+3)/2, which is a root of the polynomial x2−3x+1,399
then σ+A(µ) =
{
1/
√
j
}
j∈N
.400
• If A = N and r = π, then σ+A(µ) =
{
1/
√
j
}
j∈N
.401
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